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Abstract 

We prove sorae asymptotic results for the radius and the profile of large random bipartite 
planar maps. Using a bijection due to Bouttier, Di Francesco & Guitter between rooted 
bipartite planar maps and certain two-type trees with positive labels, we derive our results 
from a conditional limit theorem for two-type spatial trees. Finally we apply our estimates 
to separating vertices of bipartite planar maps : with probability close to one when n — > cxd, 
a random 2K-angulation with n faces has a separating vertex whose removal disconnects the 
map into two components each with size greater that -n}/'^^^ . 



1 Introduction 

The main goal of the present work is to investigate asymptotic properties of large rooted bipartite 
planar maps under the so-called Boltzmann distributions. This setting includes as a special case 
the asymptotics as n — > oo of the uniform distribution over rooted 2K-angulations with n faces, 
for any fixed integer k > 2. Boltzmann distributions over planar maps that are both rooted and 
pointed have been considered recently by Marckert &; Miermont [16] who discuss in particular 
the profile of distances from the distinguished point in the map. Here we deal with rooted maps 
and we investigate distances from the root vertex, so that our results do not follow from the 
ones in [16], although many statements look similar. The specific results that are obtained in 
the present work have found applications in the paper [13], which investigates scaling limits of 
large planar maps. 

Let us briefly discuss Boltzmann distributions over rooted bipartite planar maps. We con- 
sider a sequence q = {qi)i>i of weights (nonnegative real numbers) satisfying certain regularity 
properties. Then, for each integer n > 2, we choose a random rooted bipartite map M„ with 
n faces whose distribution is specified as follows : the probability that M„ is equal to a given 
bipartite planar map m is proportional to 

n 

n 9dcg(/,)/2 

i=l 
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where /i, . . . , are the faces of m and deg(/i) is the degree (that is the number of adjacent 
edges) of the face /j. In particular we may take = 1 and gj = for i ^ k, and we get the 
uniform distribution over rooted 2K-angulations with n faces. 

Theorem 2.5 below provides asymptotics for the radius and the profile of distances from the 
root vertex in the random map M„ when n — oo. The limiting distributions are described in 
terms of the one-dimensional Brownian snake driven by a normalized excursion. In particular if 
Rn denotes the radius of M„ (that is the maximal distance from the root), then n~^/'^Rn con- 
verges to a multiple of the range of the Brownian snake. In the special case of quadrangulations 
(^2 = 1 and (/i = for z 7^ 2), these results were obtained earlier by Chassaing & Schaeffer 
[4]. As was mentioned above, very similar results have been obtained by Marckert &; Miermont 
[16] in the setting of Boltzmann distributions over rooted pointed bipartite planar maps, but 
considering distances from the distinguished point rather than from the root. 

Similarly as in [4] or [16], bijection between trees and maps serve as a major tool in our 
approach. In the case of quadrangulations, these bijections were studied by Cori & Vauquelin 
[5] and then by Schaeffer [19]. They have been recently extended to bipartite planar maps by 
Bouttier, di Francesco & Guitter [3]. More precisely, Bouttier, di Francesco & Guitter show that 
bipartite planar maps are in one-to-one correspondence with well-labelled mobiles, where a well- 
labelled mobile is a two-type spatial tree whose vertices are assigned positive labels satisfying 
certain compatibility conditions (see section 2.4 for a precise definition). This bijection has the 
nice feature that labels in the mobile correspond to distances from the root in the map. Then 
the above mentioned asymptotics for random maps reduce to a limit theorem for well-labelled 
mobiles, which is stated as Theorem 3.3 below. This statement can be viewed as a conditional 
version of Theorem 11 in [16]. The fact that [16] deals with distances from the distinguished 
point in the map (rather than from the root) makes it possible there to drop the positivity 
constraint on labels. In the present work this constraint makes the proof significantly more 
difficult. We rely on some ideas from Le Gall [12] who established a similar conditional theorem 
for well-labelled trees. Although many arguments in Section 3 below are analogous to the ones 
in [12], there are significant additional difficulties because we deal with two-type trees and we 
condition on the number of vertices of type 1 rather than on the total number of vertices. 

A key step in the proof of Theorem 3.3 consists in the derivation of estimates for the probabil- 
ity that a two-type spatial tree remains on the positive half-line. As another application of these 
estimates, we derive some information about separating vertices of uniform 2«;-angulations. We 
show that with a probability close to one when n ^ co a random rooted 2K-angulation with n 
faces will have a vertex whose removal disconnects the map into two components both having 
size greater that . Related combinatorial results are obtained in [2]. More precisely, in 

a variety of different models. Proposition 5 in [2] asserts that the second largest nonseparable 
component of a random map of size n has size at most 0(n^/^). This suggests that 'n}/'^~^ in 
our result could be replaced by r?l^~'^ . 

The paper is organized as follows. In section 2, we recall some preliminary results and we 
state our asymptotics for large random rooted planar maps. Section 3 is devoted to the proof of 
Theorem 3.3 and to the derivation of Theorem 2.5 from asymptotics for well-labelled mobiles. 
Finally Section 4 discusses the application to separating vertices of uniform 2«;-angulations. 
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2 Preliminaries 



2.1 Boltzmann laws on planar maps 

A planar map is a proper embedding, without edge crossings, of a connected graph in the 2- 
dimensional sphere Loops and multiple edges arc allowed. A planar map is said to be 
bipartite if all its faces have even degree. In this paper, we will only be concerned with bipartite 
maps. The set of vertices will always be equipped with the graph distance : if a and a' are two 
vertices, d{a, a') is the minimal number of edges on a path from a to a'. If M is a planar map, 
we write J^m for the set of its faces, and Vm for the set of its vertices. 

A pointed planar map is a pair (M, r) where M is a planar map and r is a distinguished 
vertex. Note that, since M is bipartite, if a and a' are two neighbouring vertices, then we have 
|d(T, a) — d{T, a')\ = 1. A rooted planar map is a pair (M, e ) where M is a planar map and e is 
a distinguished oriented edge. The origin of e is called the root vertex. At last, a rooted pointed 
planar map is a triple (M, e, r) where (M, r) is a pointed planar map and e is a distinguished 
non-oriented edge. We can always orient e in such a way that its origin a and its end point 
a' satisfy d{T,a') = d{T,a) + 1. Note that a rooted planar map can be interpreted as a rooted 
pointed planar map by choosing the root vertex as the distinguished point. 

Two pointed maps (resp. two rooted maps, two rooted pointed maps) are identified if there 
exists an orientation-preserving homcomorphism of the sphere that sends the first map to the 
second one and preserves the distinguished point (resp. the root edge, the distinguished point 
and the root edge). Let us denote by Mp (resp. Mr, ■M.r,p) the set of all pointed bipartite maps 
(resp. the set of all rooted bipartite maps, the set of all rooted pointed bipartite maps) up to 
the preceding indentification. 

Let us recall some definitions and propositions that can be found in [16]. Let q = (qi, i > 1) 
be a sequence of nonnegative weights such that > for at least one i > 1. For any planar 
map M, we define Wq{M) by 

Wq(M)= H gdeg(/)/2, 

where we have written deg(/) for the degree of the face /. We require q to be admissible that is 

MeMr,p 

Note that the sum is over the set Mr,p of all rooted pointed bipartite planar maps which is 
countable thanks to the identification that was explained above. For A; > 1, we set N(^k) = 
Ck-i) ■ every weight sequence q, we define 

k>Q 

Let Rq be the radius of convergence of the power series /q. Consider the equation 

fq{x) = l-x-\ x>0. (1) 

From Proposition 1 in [16], a sequence q is admissible if and only if equation (1) has at least one 
solution, and then Zq is the solution of (1) that satisfies Z^f^{Zq) < 1. An admissible weight 
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sequence q is said to be critical if it satisfies 

(Zq)V;(^q) = l, 

which means that the graphs of the functions x i — > fcii^) and x i — > 1 — 1/x are tangent at the 
left of X = Zq. Furthermore, if < R^, then q is said to be regular critical. This means that 
the graphs are tangent both at the left and at the right of Zq. In what follows, we will only be 
concerned with regular critical weight sequences. 

Let q be a regular critical weight sequence. We define the Boltzmann distribution Bq^ on 
the set Mr,p by 



Zc 



(r) 

Let us now define Z^ by 



^ = n 5deg(/)/2- 



Note that the sum is over the set Mr of all rooted bipartite planar maps. Prom the fact that 

Zq < oo it 
set Mr hy 



(r) 

Zq < oo it easily follows that Zq < oo. We then define the Boltzmann distribution Bq on the 



7^ 



Let us turn to the special case of 2K-angulations. A 2K-angulation is a bipartite planar 
map such that all faces have a degree equal to 2k. If k = 2, we recognize the well-known 
quadrangulations. Let us set 



We denote by q^ the weight sequence defined by = and qi = for every i G N \ {k}. It is 
proved in Section L5 of [16] that q^; is a regular critical weight sequence, and 



For every n > 1, we denote by (resp. U^) the uniform distribution on the set of all rooted 
pointed 2K-angulations with n faces (resp. on the set of all rooted 2K-angulations with n faces). 
We have 



(•l#^M = n) = u;:, 

.(•|#^M = n) = 



2.2 Two-type spatial Galton- Watson trees 

We start with some formalism for discrete trees. Set 



n>0 
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where N = {1, 2, 3, . . .} and by convention N° = {0}. An element of W is a sequence u = . . . u^, 
and we set |m| = n so that \u\ represents the generation of u. In particular, |0| =0. If u = 
v} . . .vT' and v = . . . v"^ belong to U, we write uv = . . . u^v^ . . . v"^ for the concatenation 
of u and v. In particular, 0u = ^0 = u. If v is of the form v = uj for it G W and j G N, we say 
that f is a child of u, or that u is the father of v, and we write u = v. More generally if v is 
of the form v = uw for u,w £ U, we say that f is a descendant of u, or that u is an ancestor 
of V. The set U comes with the natural lexicographical order such that it ^ f if either u is an 
ancestor of -y, or if u = u;a and v = wb with a e U* and b e U* satisfying < b^, where we 
have set U* =U\ {0}. And we write u ~< v ii u ^ v and u ^ v. 

A plane tree T is a finite subset of U such that 

(i) G r, 

(ii) ueT\{il}} ^ueT, 

(iii) for every u e T, there exists a number ku{T) > such that uj G T if and only if 

i<j<ku{r). 

We denote by T the set of all plane trees. 

Let T be a plane tree and let C = #T — 1- The search-depth sequence of T is the sequence 
uo,ui, . . . , U2(^ of vertices of T wich is obtained by induction as follows. First uq = 0, and then 
for every i G {0, 1, . . . , — 1}, Uj+i is cither the first child of ui that has not yet appeared in 
the sequence wq, iti, . . . , or the father of Ui if all children of Ui already appear in the sequence 
MO) wi, . . . , «i. It is easy to verify that U2C^ = and that all vertices of T appear in the sequence 
uo, ui, . . . , ii2C (of course some of them appear more that once). We can now define the contour 
function of T. For every k G {0, 1, . . . ,2^}, wc let C{k) denote the distance from the root of 
the vertex Uk. We extend the definition of C to the line interval [0, 2(^] by interpolating linearly 
between successive integers. Clearly T is uniquely determined by its contour function C. 

A discrete spatial tree is a pair {T,U) where T G T and U = {Uv,v G T) is a mapping 
from the set T into R. If is a vertex of T, we say that is the label of v. We denote by 
O the set of all discrete spatial trees. If (T, U) £ Q wc define the spatial contour function of 
(T, U) as follows. First if k is an integer, we put V{k) = Uu^. with the preceding notation. We 
then complete the definition of V by interpolating linearly between successive integers. Clearly 
(T, U) is uniquely determined by the pair (C, V) . 

Let (T, U) G Jl. We interpret (T, U) as a two-type (spatial) tree by declaring that vertices 
of even generations are of type and vertices of odd generations are of type 1. We then set 

T° = {u G T : \u\ is even}, 
= {ueT : \u\ is odd}. 

Let us turn to random trees. We want to consider a particular family of two-type Galton- 
Watson trees, in which vertices of type only give birth to vertices of type 1 and vice-versa. 
Let /X = (no, Hi) be a pair of offspring distributions, that is a pair of probability distributions 
on Z+. If mo and mi are the respective means of hq and fii we assume that momi < 1 and we 
exclude the trivial case Ho = l^i = where 6i stands for the Dirac mass at 1. We denote by 



5 



the law of a two-type Galton- Watson tree with offspring distribution /x, meaning that for every 

t e T, 

where t° (resp. t^) is as above the set of all vertices of t with even (resp. odd) generation. The 
fact that this formula defines a probability measure on T is justified in [16]. 

Let us now recall from [16] how one can couple plane trees with a spatial displacement in order 
to turn them into random elements of Jl. To this end, let Uq, be probability distributions on 
for every A: > 1. We set v = (uq, i'i)k>i- For every 7" G T and a; G M, we denote by Ri^^xC^, '^U) 
the probability measure on M7 which is characterized as follows. Let (Y^, it G T) be a family 
of independent random variables such that for u G T with ku{T) = k, Y„ = (i^i, . . . ,Yuk) is 
distributed according to f q if u G T° and according to if u e T^. We set = x and for 
every v eT\ {0}, 

ue]$,v] 

where ]$,v] is the set of all ancestors of v distinct from the root 0. Then R,y^x{T, dU) is the law 
of {Xy, V eT). We finally define for every x G M a probability measure Pju,;/,^; on J7 by setting 

2.3 The Brownian snake and the conditioned Brownian snake 

Let X G M. The Brownian snake with initial point x is a pair (e, r^), where e = (e(s), < s < 1) 
is a normalized Brownian excursion and = (r^(s),0 < s < 1) is a real- valued process such 
that, conditionally given e, is Gaussian with mean and covariance given by 

• E[r^(s)] = X for every s G [0, 1], 

• Cov(r^(s), r^(s')) = inf e{t) for every < s < s' < 1. 

s<t<s' 

We know from [10] that admits a continuous modification. From now on we consider only this 
modification. In the terminology of [10] is the terminal point process of the one-dimensional 
Brownian snake driven by the normalized Brownian excursion e and with initial point x. 

Write P for the probability measure under which the collection (e, r^)^;^^ is defined. Note 
that for every x > 0, we have 

P ( inf r^(s) > ) > 0. 

We may then define for every x > a pair (e^, r^) which is distributed as the pair (e, r^) under 
the conditioning that inf^gp,!] > 0. 

We equip C([0, 1],M)^ with the norm ||(/,5)|| = V \\g\\u where stands for the 

supremum norm of /. The following theorem is Theorem Theorem 1.1 in [15]. 

Theorem 2.1 There exists a pair {^,r^) such that (e^,r^) converges in distribution as x J, 
towards (e°,r°). 
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The pair (e°,r°) is the so-called conditioned Brownian snake with initial point 0. 

Theorem 1.2 in [15] provides a useful construction of the conditioned object (e^,?*^) from the 
unconditioned one (e, r''). In order to present this construction, first recall that there is a.s. a 
unique in (0, 1) such that 

rO(s,)= inf rO(s) 

se[o,i] 

(see Lemma 16 in [18] or Proposition 2.5 in [15]). For every s G [0, oo), write {s} for the 
fractional part of s. According to Theorem 1.2 in [15], the conditioned snake (e'^,!^) may be 
constructed explicitly as follows : for every s G [0, 1], 

e°(s) = e(s*) + e({s* + s}) - 2 inf e(t), 

sA{s*+s}<t<sV{s,+s} 

f°(s) = r'^({s, + s})-r°(s*). 
2.4 The Bouttier-di Francesco-Guitter bijection 

We start with a definition. A (rooted) mobile is a two-type spatial tree (T, U) whose labels 
only take integer values and such that the following properties hold : 

(a) Uv = Ui, for every f G T"^. 

(b) Let V G such that k = ky{T) > 1. Let U(o) = i) he the father of v and let V(^j) = vj for 
every j G {1, . . . , k}. Then for every j G {0, . . . , k}, 

where by convention ^^(fc+i) = 'U(o) • 

Furthermore, if [7^, > 1 for every t; G T, then we say that (T, U) is a well-labelled mobile. 

Let Tf^°^ denotes the set of all mobiles such that C/0 = 1. We will now describe the Bouttier- 
di Prancesco-Guitter bijection from T™°^ onto M.r,p- This bijection can be found in section 2 in 
[3]. Note that [3] deals with pointed planar maps rather than with rooted pointed planar maps. 
It is however easy to verify that the results described below are simple consequences of [3] . 

Let iT,U) G Tf°^. Recall that ( = #T - 1. Let uo,ui, . . . ,U2( be the search-depth 
sequence of T. It is immediate to see that Uk G T° if A; is even and that G if /c is odd. 
The search-depth sequence of T° is the sequence wo,wi, . . . ,W(^ defined by Wk = U2k for every 
A; G {0, 1, ... , C}- Notice that 'Wq = W(^ = 0. Although (T, U) is not necesseraly well labelled, we 
may set for every v G T, 

C/+ = U.,- miniUu, ■.weT] + l, 
and then (T, C/+) is a well-labelled mobile. Notice that min{C/+ : v G T} = 1. 

Suppose that the tree T is drawn in the plane and add an extra vertex d. We associate with 
(T, U^) a bipartite planar map whose set of vertices is 

ro u {9}, 

and whose edges are obtained by the following device : for every A; G {0, 1, . . . , C}, 
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• if U^^ = 1, draw an edge between Wk and d ; 

• if U^^ > 2, draw an edge between and the first vertex in the sequence w^^i, . . . , 
wq, wi, . . . , Wk-i whose label is U:^^ — 1. 

Notice that condition (b) in the definition of a mobile entails that U^^^_^ > U^^ — 1 for every 
k € {0, 1, . . . , — 1} and recall that min{C/+j, . . . , = 1- The preceding properties 

ensure that whenever U^^ > 2 there is at least one vertex among Wk+i, ■ ■ ■ , W(^-i,wo, . . . , Wk-i 
with label — 1. The construction can be made in such a way that edges do not intersect 
(see section 2 in [3] for an example). The resulting planar graph is a bipartite planar map. We 
view this map as a rooted pointed planar map by declaring that the distinguished vertex is d 
and that the root edge is the one corresponding to A; = in the preceding construction. 

It follows from [3] that the preceding construction yields a bijection ^r,p between T™°^ and 
M.r,p- Furthermore it is not difficult to see that ^r,p satisfies the following two properties : let 
{r,'u) G Tf°b and let M = "^rAC^^ ^)). 

(i) for every k > 1, the set {/ G J^m '■ deg(/) = 2k} is in one-to-one correspondence with the 
set {veT^ : k^iT) = k-l}, 

(ii) for every Z > 1, the set {a G Vm : d{d, a) = 1} is in one-to-one correspondence with the set 
{v G r° : - min{[/^ : u; G T} + 1 = /}. 

We observe that if (T, U) is a well-labelled mobile then = Uy for every v e T. In 
particular = 1. This implies that the root edge of the planar map ^r,p{{'^jU)) contains 
the distinguished point d. Then ^r,pi{'^, U)) can be identified to a rooted planar map, whose 
root is an oriented edge between the root vertex d and wq. Write t'""*^ for the set of all well- 
labelled mobiles such that = 1. Thus ^r,p induces a bijection from the set T™°^ onto 

the set M-r- Furthermore satisfies the following two properties : let {T,U) G T™°^ and let 
M = *,((T,C/)), 

(i) for every A; > 1, the set {/ G J-'m '■ deg(/) = 2k} is in one-to-one correspondence with the 

set {v : ky(T) = k-l}, 

(ii) for every / > 1, the set {o G Vm : d{d, a) = 1} is in one-to-one correspondence with the set 
{veT'^ ■.Uy = I}. 



2.5 Boltzmann distribution on two-type spatial trees 

Let q be a regular critical weight sequence. We recall the following definitions from [16]. Let /Xg 
be the geometric distribution with parameter /q(.^q) that is 

fi^ik) = Vq(Zq)^ k>0, 

and let be the probability measure defined by 
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Prom [16], we know that /xi has small exponential moments, and that the two-type Galton- 
Watson tree associated with /v/^ = (/Xq,//^) is critical. 

Also, for every A; > 0, let be the Dirac mass at G M*^ and let fi be the uniform distribution 
on the set defined by 

= . . . G Z'' : > -1,X2 - xi > -1, . . . - Xk-i > -1,-Xk > -l| • 

We can say equivalently that is the law of {Xi, . . . , Xi + . . . + Xk) where {Xi, . . . , Xk_^_i) is 
uniformly distributed on the set Bk defined by 

Bk = {(xi, . . . , Xk+i) e {-1, 0, 1, 2, . . .}^+^ ■.X1 + ... + Xk+i = O} . 

Notice that #Ak = #Bk = N{k + 1). We set u = ((fQ, z^i ))fc>i- The following result is 
Proposition 10 in [16]. However, we provide a short proof for the sake of completeness. 

Proposition 2.2 The Boltzmann distribution Bq^ is the image of the probability measure P/^q,!/,! 
under the mapping ^r,p- 

Proof : By construction, the probability measure is supported on the set T™°^. Let 

(e, u) G T^°''. We have by the choice of z/. 



>,.,i((t,u)) = P^c(t)i?,,i(t,{u}) 



Now, 



so that we arrive at 



p^%.,i((t,u))=z-in^fc^{t)+i- 

We set m = ^'r,p((t, u)). We have from the property (ii) satisfied by ^r,p^ 

which leads us to the desired result. □ 
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Let us introduce some notation. As > 0, we have Pfj,{T^ = n) > for every n > 1. 

Then we may define, for every n > 1 and x G M, 

p;:-^ = p^<. (• I = n) , 

^'^'i,i^,x = ^iJ.'i,i^,x (• I = n) . 
Furthermore, we set for every (T, U) G $7, 

U = iam{U^ : v G r° \ {0}} , 
with the convention min0 = oo. Finally we define for every n> 1 and x > 0, 

^IJ,'i,iy,x = ^n'i,u,x{- I L[ > 0), 

Corollary 2.3 The probability measure \ i^J^M = n) is the image of P^^^^^i under the 

mapping ^'r,p- The probability measure Bq is the image o/P^q,,/,i under the mapping ^r- The 
probability measure Bq(- | i^J^u = n) is the image ofF^^^^. ^ under the mapping 

Proof : The first assertion is a simple consequence of Proposition 2.2 together with the property 
(i) satisfied by ^'r,p- Recall from section 2.1 that we can identify the set TW,. to a subset of Air,p 
in the following way. Let T : Mr — ^ ■M.r,p be the mapping defined by T((M, e )) = (M, e, o) for 
every (M, e ) G Mr, where o denotes the root vertex of the map (M, e). We easily check that 
Bq*'(- I M G T{Mr)) is the image of Bq under the mapping T. This together with Proposition 
2.2 yields the second assertion. The third assertion follows. □ 

At last, if q = q«;, we set //q = /Iq", hI = and = {jiQ^nl). We then verify that ji^ is 
the geometric distribution with parameter 1/k and that nl is the Dirac mass at n — 1. Recall 
the notation U" and U^. 

Corollary 2.4 The probability measure U" is the image ofF'^^ ^^^i under the mapping ^r,p- The 
probability measure is the image o/P^tt ^. j^ under the mapping ^'r- 

2.6 Statement of the main result 

We first need to introduce some notation. Let M G Mr- We denote by o its root vertex. The 
radius TIm is the maximal distance between o and another vertex of M that is 

TZm = max{(i(o, a) : a G Vm}- 

The normalized profile of M is the probability measure Am on {0,1,2,...} defined by 

XM{k) = *{-^^M.d{o,a)=k} ^ ^ ^ ^ 

Note that TZm is the supremum of the support of Am- R is also convenient to introduce the 
rescaled profile. If M has n faces, this is the probability measure on M_|_ defined by 
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for any Borel subset A of M+. At last, if q is a regular critical weight sequence, we set 

Recall from section 2.3 that (e, r^) denotes the Brownian snake with initial point 0. 
Theorem 2.5 Let q be a regular critical weight sequence. 

(i) The law of u'^^^TZm under the probability measure Bq(- | H^J^m = n) converges as n oo 
to the law of the random variable 

(^)'"(„Si/°«-og|/°(»')- 

(a) The law of the random measure under the probability measure ]Bq(- | i^J^M = n) 
converges as n — ^ oo to the law of the random probability measure I defined by 

(Hi) The law of the rescaled distance n~^/^ d{o,a) where a is a vertex chosen uniformly at 
random among all vertices of M, under the probability measure ]Bq(- | #J^m = n) converges 
as n — ^ oo to the law of the random variable 

\9{Z^-1)J \o<s<i ^7 

In the case q = q^, the constant appearing in Theorem 2.5 is {4k{k — l)/9)^/^. It is equal to 
(8/9)^/^ when k = 2. The results stated in Theorem 2.5 in the special case q = q2 were obtained 
by Chassaing & Schaeffer [4] (see also Theorem 8.2 in [12]). 

Obviously Theorem 2.5 is related to Theorem 3 proved by Marckert & Miermont [16]. Note 
however that [16] deals with rooted pointed maps instead of rooted maps as we do and studies 
distances from the distinguished point of the map rather than from the root vertex. 

3 A conditional limit theorem for two- type spatial trees 

Recall first some notation. Let q be a regular critical weight sequence, let = (^Uq , fi^) be 
the pair of offspring distributions associated with q and let = (t'o j '^i )a;>i be the family of 
probability measures defined before Proposition 2.2. 

If (T, U) & n, we denote by C its contour function and by V its spatial contour function. 

Recall that C([0, 1],R)^ is equipped with the norm IK/,^)!! = ||/||« V \\g\\u- The following 
result is a special case of Theorem 11 in [16]. 
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Theorem 3.1 Let q be a regular critical weight sequence. The law under F^^^^ q of 

/ VPq(Zq-l) C{2i#T-l)t) \ // 9(Zq-l) y/^ V {Ij^T - l)t) \ 

\ 4 nV2 J ' U 4pq ; nV4 J 

\ / 0<t<l \^ '^'i ^ / 0<t<ly 

converges as n ^ oo to the law of{e, r°). The convergence holds in the sense of weak convergence 
of probability measures on C([0, 1],M)^. 

Note that Theorem 11 in [16] deals with the so-called height-process instead of the contour 
process. However, we can deduce Theorem 3.1 from [16] by classical arguments (see e.g. [11]). 

In this section, we will prove a conditional version of Theorem 3.1. Before stating this result, 
we establish a corollary of Theorem 3.1. To this end we set 

Q^.^ = P^<.(-|fe0(r) = l), 

Q,^'^,u = ^i^^M- 1 hC^) = !)• 

Notice that this conditioning makes sense since /Uq (1) > 0. We may also define for every n > 1, 

q;^,,, = Q^, , (. I #ri = n) . 

Corollary 3.2 Let q 6e a regular critical weight sequence. The law under Q^q^j^ of 

( ^p^{z^-i) c{2{#r-i)t) \ (f 9{z^-i) y/' v{2{#r-i)t) \ 



\ / 0<t<l \ ^ ^4 / 0<t<l^ 

converges as n ^ oo to the law of{e,r^). The convergence holds in the sense of weak convergence 
of probability measures on C([0, 1],M)^. 

Proof : We first introduce some notation. If (T, U) e ^ and wq G T, we define a spatial tree 

(r["'ol,[/["'o]) by setting 

and for every v G 7"[*"°] 

tt[wo] — TJ _tj 

Denote by C["'ol the contour function and by FI'^oI the spatial contour function of (rl"")], J/I"")]). 
As a consequence of Theorem 11 in [16], the law under Q^q^;, of 

v/pq(^q-l) CM (2 (#r[^l - 1) ^) \ / / 9(Zq-l) \ (2 (#rM - 1) t) 



nV2 ; ' U 4pq ; nV4 

/ 0<t<l \ ^ ^ / o<t<l, 



converges as n — > oo to the law of (e, r°). We then easily get the desired result. □ 
Recall from section 2.3 that (e°, r°) denotes the conditioned Brownian snake with initial point 

0. 
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Theorem 3.3 Let q 6e a regular critical weight sequence. For every x > 0, the law under 

of 

( ^p^{Z^ - 1) C{2{#T-l)t)\ I (%Z^-l)\^'^V{2{#r-l)t)\ 

/ 0<t<l> 



\ / o<t<i \ ^ f q / 



converges as n oo to the law of (e'',r''). The convergence holds in the sense of weak conver- 
gence of probability measures on C([0, 

To prove Theorem 3.3, we wiU fohow the hnes of the proof of Theorem 2.2 in [12]. From now 
on, we set fx = fx'^ to simphfy notation. 

3.1 Rerooting two-type spatial trees 

If T G T, we say that a vertex v G T is a leaf of T if ky{T) = meaning that v has no child. 
We denote by dT the set of all leaves of T and we write dgT = dT n T° for the set of leaves of 
T which are of type 0. 

Let us recall some notation that can be found in section 3 in [12]. Recall that U* = U\ {0}. 
If vq G U* and T G T are such that vq G T, we define k = k{vQ,T) and I = 1{vq,T) in the 
following way. Write C, = #T — 1 and uo,ui, . . . , U2c^ for the search-depth sequence of T. Then 
we set 

k = min{i G {0, 1, . . . , 2^} : ui = vq}, 
I = max{i G {0, 1, . . . , 2(^} : Ui = vq}, 

which means that k is the time of the first visit of vq in the evolution of the contour of T and 
that / is the time of the last visit of v^. Note that I > k and that I = k ii and only if vq G dT. 
For every t G [0, 2C — [l — k)], we set 

cMM = C(k) + C(lk-t]\)-2 inf C(s), 

s€[k/\lk-tl,kVlk-t]i] 

where C is the contour function of T and [[k — t]] stands for the unique element of [0, 2^) such 
that [[A; — t^ — {k — t) = or 2^. Then there exists a unique plane tree T^^o) G T whose 
contour function is C^'"°\ Informally, T^"""^ is obtained from T by removing all vertices that are 
descendants of vq and by re-rooting the resulting tree at vq. Furthermore, ii vq = . . .u"^, then 
we see that vq = lit" . . .u^ belongs to T^'"'^\ In fact, vq is the vertex of T^^") corresponding to 
the root of the initial tree. At last notice that A;0(T(^°)) = 1. 

If T G T and wq G T, we set 



The following lemma is an analogue of Lemma 3.1 in [12] for two-type Galton- Watson trees. 
Note that in what follows, two-type trees will always be re-rooted at a vertex of type 0. 

Recall the definition of the probability measure Q^. 
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Lemma 3.4 Let vo G U* be of the form vq = lu^ . . . u^^ for some p G N. Assume that Q^{vq G 
T) > 0. Then the law of the re-rooted tree T^'"°^ under Q^i- \ vq eT) coincides with the law of 
the tree T^^o) under Qf^{- \voeT). 

Proof : We first notice that 

Q^.{vo eT)=fii {{u\ u^ + l,...})fio {{u^u^ + 1, ...})... //i {{u^p, u^p + 1,...}), 
so that 

Qm(^o G = Qi,{vo G r) > 0. 

In particular, both conditionings of Lemma 3.4 make sense. Let t be a two-type tree such that 
Vo G dot and A;0(t) = L Since the trees t and t^''"^ represent the same graph, we have 

uet°\{9,vo} MSti 

n Mo(deg(tx) 1)11 /^i(dcg(^) - 1) 

n M(degH-l) n m(degH-l) 

which implies the desired result. □ 

Before stating a spatial version of Lemma 3.4, we establish a symmetry property of the 
collection of measures u. To this end, we let be the image measure of under the mapping 
{xi, . . . ,Xfc) G M'' I — ^ {xk, ...,xi) and we set u = ((i^^, ?f ))fc>i. 

Lemma 3.5 For every k > 1 and every j G {1, . . . ,k}, the measures v\ and are invariant 
under the mapping : M!' — > Mf' defined by 

(f)j(^X\, . . . , Xk) — (-^J+l -^j! • • • ) -^k -^j ) -^j! -^1 -^jj • • • ) -^j—l -^j)- 

Proof : Recall the definition of the sets and B^. Let be the uniform distribution on B^. 
Then is the image measure of p*^ under the mapping ipk '■ B^ — > A^ defined by 

. . . , Xk+\) = {xi.Xl + X'i, . . . ,Xl + . . . + Xk). 

For every (a^i, ... G M''+^ we set i3j(a;i, . . . , Xfc+i) = (xj+i, . . . , x^+i, xi, . . . , xj). It is 

immediate that is invariant under the mapping pj . Furthermore (f)j o ipk (x) = ipko Pj (x) for 
every x E Bk, which implies that is invariant under 

At last for every [xi, . . . ,Xk) G we set S{xi,...,Xk) = {xk,---,xi). Then (pj o S = 
S o (pk-j+i, which implies that is invariant under (pj. □ 

If (T, U) en and vq G 7"°, the re-rooted spatial tree (T^^o), C/(^o)) is defined as follows. For 
every vertex v G T^^o^'^, we set 
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where v is the vertex of the initial tree T corresponding to v, and for every vertex v G T^'"°^'^, 
we set 

fjivo) ^ frM 

Note that, since vq ^ , v ^ tM jg of type if and only if U G T is of type 0. 

If (T, U) £n and wq £ T, we also consider the spatial tree {T^'^o\U^'^°'>) where [/("'o) is the 
restriction of U to the tree T^^°\ 

Recall the definition of the probability measure Qj^^u. 

Lemma 3.6 Let vq G U* be of the form vq = In^ • • • u^^ for some p eN. Assume that Qf^{vo G 
T) > 0. Then the law of the re-rooted spatial tree (T^""^, [/(^o)) under Qju,j;(- \ vq eT) coincides 
with the law of the spatial tree (T^^'o), f/(''o)) under Q^,,,(- | 9o G T). 

Lemma 3.6 is a consequence of Lemma 3.4 and Lemma 3.5. We leave details to the reader. 

If (T, U) G ri, we denote by Aq = Ao(T, U) the set of all vertices of type with minimal 
spatial position : 

Ao = {v e T° : U-t, = mm{Uy, : w G T}} . 

We also denote by Vm the first element of Aq in the lexicographical order. The following two 
lemmas can be proved from Lemma 3.6 in the same way as Lemma 3.3 and Lemma 3.4 in [12]. 

Lemma 3.7 For any nonnegative measurable functional F on fi, 

Qi.,u {f (f(--), l{#Ao=i,.^6aor}) = Q^,. {F{r, u){#daniu>o}) ■ 

Lemma 3.8 For any nonnegative measurable functional F on ^l, 



tix,v 



3.2 Estimates for the probability of staying on the positive side 

In this section we will derive upper and lower bounds for the probability ^'^^y^xilL > 0) as n — >■ oo. 
We first state a lemma which is a direct consequence of Lemma 17 in [16]. 

Lemma 3.9 There exist constants cq > and ci > such that 

n^/^P^{#T' =n) CO, 

^ ' n—>oo 

n^/^Q^{#T' = n) ci. 

^ ' n—^oo 

We now establish a preliminary estimate concerning the number of leaves of type in a tree 
with n vertices of type 1. 
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Lemma 3.10 There exists a constant Po > such that for every n sufficiently large, 

(limr) - miMo(0)n| > n^/\ = n) < e"-"". 

Proof : Let T be a two-type tree. Recall that ( = #T — 1. Let 

v{0) = ^ v{l) ^ ... X v{C) 

be the vertices of T Usted in lexicographical order. For every n € {0, 1, . . . , C} we define i?„ = 
{Rn{k))k>i as follows. For every A; G {1, . . . , Rn{k) is the number of younger brothers 

of the ancestor of v{n) at generation k. Here younger brothers are those brothers which have 
not yet been visited at time n in search-depth sequence. For every k > 1 1^(71)1, we set Rn{k) = 0. 
Standard arguments (see e.g. [14] for similar results) show that (i?n, h-'('^)l)o<ri<c has the same 
distribution as (i?^, /i^)o<n<T'-i, where (i?^,/i^)„>o is a Markov chain whose transition kernel 
is given by : 

• s(((ri,...,r,„0,...),/i),((ri,...,rft,A;- l,0,...),/i + l)) = Hi{k) for A; > 1, /i > and 

• • • ,rh > 0, 

• 'S'^((ri,...,rh,0,...),^),((ri,...,n-1,0,...),0) = /Xi(0), where / = inf{m > 1 -.rm > 0}, 
for /i > 1 and ri, . . . , r/j > such that {m > 1 : > 0} 7^ 0, 

• ^((O, h), (0, 0)) = /Lti(O) for every /i > 0, 

where i = if /i is even, and i = 1 if /i is odd, and finally 

r' = inf{n>l:«,/i;,) = (0,0)}. 

Write P' for the probability measure under which (i?^, h'^)n>Q is defined. We define a sequence 
of stopping times (Tj)j>o by Tq = inf{n > : is odd} and rj^^^ = inf{n > rj : h'^ is odd} for 
every j > 0. At last we set for every j > 0, 

.^. = 1 {/>;.« = '.;; + i}(i + /it;« ('.;;«))• 

Since = 1 + E«eri ^«(^)' we have 

(n-l 
I J] - mm + 1 > n^/^, r;_i < T' < < 
i=o 

Thanks to the strong Markov property, the random variables X'- are independent and distributed 
according to ^ui. A standard moderate deviations inequality ensures the existence of a positive 
constant /3i > such that for every n sufficiently large, 

P, (|#r° - mml > n^/\ = n)< e'^'' . (2) 
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In the same way as previously, wc define another sequence of stopping times {dj)j>o by = 
and Oj^i = inf{n > 9^ : h'^ is even} for every j > and we set for every j > 0, 

Using the sequences {0j)j>o and (Yj)j>o, an argument similar to the proof of (2) shows that 
there exists a positive constant P2 > ^ such that for every n sufficiently large, 

[mdoT) - i,oiO)n\ > nV«, = n) < e'^'' . (3) 

From (2), we get for n sufficiently large, 

(|(#5or) - mi/xo(0)n| > n^/\ = n) 
< e-""' + (|(#5oT) - mi//o(0)n| > n^/\ |#r° - mml < n^/^) . 

However, for n sufficiently large, 

P^ {\{#dor) - mi/xo(0)n| > n^/^, |#rO - mml < n^/^) 

= E (l(#^or) - mi/xo(0)n| > n^/\ #r° = A:) 

< E - Mm > (1 - M(0))n3/4, ^^0 ^ 

< E PM(l(#W-M(0)A;|>A;5/8,#r° = fc). 

At last, we use (3) to obtain for n sufficiently large, 

P^ (|(#5oT) - mi/io(0)n| > n^/\ \#T^ - mml < n^/^) < {2n^/^ + 1)^-^""' 



e 



where C is a positive constant. The desired result follows by combining this last estimate with 
(2). □ 

We will now state a lemma which plays a crucial role in the proof of the main result of this 
section. To this end, recall the definition of Vm and set for every n > 1, 

= Q^{.\#T' = n), 
Lemma 3.11 There exists a constant c > such that for every n sufficiently large, 
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Proof : The proof of this lemma is similar to the proof of Lemma 4.3 in [12]. Nevertheless, we 
give a few details to explain how this proof can be adapted to our context. 

Choose p > 1 such that fJ,i{p) > 0. Under Q^,u{- \ ki{T) = p, fcii(T) = . . . = kip{T) = 2), 
we can define 2p spatial trees {(T*-^, = 1, . . . ,p,j = 1, 2} as follows. For i G {1, . . . ,p} 

and j = 1, 2, we set 

T'^ = {0} u {It; : lijv e T}, 

= and U^^ = Uuj^ — Uu if lijv G T. Then under the probability measure Q;u,z/(- | 
k^(r) = p, ku{T) = ... = kip{T) = 2), the trees {(T'^,U'^),i = l,...,p,j = 1,2} are 
independent and distributed according to Q^,jy. Furthermore, we notice that under the measure 
Q/i,i/(' I ki{T) = p, /cii(T) = . . . = kip{T) = 2), we have with an obvious notation 

[{#T^''^ + #T'^^' = n-2p + i}n{Uu<Q}n{vl^edoT'^}n n {Uu>0} 

2<i<p 

n {u}^ > 0} n fl {T'^ = {0, 1,11,..., M, > 0} ) c {#ri = n,vme doT} . 

2<i<P,j=l,2 

So we have for n > 1 + 2p, 

n—2p 

> C{n, v,p) Q^,, (#ri = i, vm e SoT) Q^,, (#ri = n - i - 2p + 1, [/ > 0) , (4) 

i=i 

where 

C{^Ji,u,p) = ^^^ipfP-'^^oi2r^ioi0fP(P-'^ul ((-00,0) X [0,+oof-i) uH^+ooff^-'^ • 

Prom (4), we are now able to get the result by following the lines of the proof of Lemma 4.3 in 
[12]. □ 

We can now state the main result of this section. 



Proposition 3.12 Let K > 0. There exist constants 71 > 0, 72 > 0, 71 > and 72 > such 
that for every n sufficiently large and for every x G [0, K], 

-<Ql,Au>o)<^, 

n ^' n 

Proof : The proof of Proposition 3.12 is similar to the proof of Proposition 4.2 in [12]. The 
major difference comes from the fact that we cannot easily get an upper bound for ^(doT) on 
the event {#T^ = n}. In what follows, we will explain how to circumvent this difficulty. 

We first use Lemma 3.7 with F{T, U) = l{ri=n}- Since #r("o)'i = if vq G SqT, we get 
Qm,- (#(5or)l{#ri=n,c7>o}) < Q/. (#^' = n) . (5) 
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On the other hand, we have 

(#(5oT)l {#T^=nM>0}) 
> mi^o(0)nQ^,, {#T^ = n,U>0)- Q^,, (|#(5oT) 

Now thanks to Lemma 3.10, we have for n sufficiently large, 

Qi^,u {\#{doT) - mi/xo(0)n|l{#-ri=n,[/>o}) 

< n^/^ Q^,. (#ri = n,U>0)+ Q^,. {#{doT)l^^r^^^^u>o}) 
+ miMo(0)nQ^,^(|#(aoT) - miMo(0)n| > n=^/^ = n) 

< n^^^ Q^,, (#ri = n, [/ > 0) + Q^,, {#{doT)l{^r^^^^u>o}) + mi/io(0)ne-"'° . 

Prom (5), (6) and (7) we get for n sufficiently large 

(mi/xo(0)n - n=^/^)Q^,, {#r^ =n,U>0) <2Q^ {#T^ = n) + mi/io(0)ne-"''° . 
Using Lemma 3.9 it follows that 

limsupnQ;^,, {U>0)< 

which ensures the existence of 72 . 
Let us now use Lemma 3.8 with 

FiT,U) = l{ri=n,#(aor)<miMo(0)n+n3/4}- 

Since #(3oT) = i^{doT^'"°^) if vo G OqT, we have for n sufficiently large, 

QlJ.,1^ (#(^0^)l{#ri=n,#(aor)<miMo(0)+n3/4,C/>0}) 

= Qi^,u {#{^Q^dQT)'^{#T'^=n,#{dQT)<miixo{Q)+n^/''^ 

> Q^,, (#(Ao n doT) > 1, = n, #(5or) < mi/xo(0) + n^/') 

> Qm,^ i^m G ^oT, = n, #idoT) < mi^o(O) + n^/^) 

> Q^,. (^^m e doT, = n) - Q^,, (#(aor) > mi/xo(0) + n^/^, = n) 

> cQ^,4#ri=n)-e-"''°, 

where the last inequality comes from Lemma 3.10 and Lemma 3.11. On the other hand, 

Qm,i/ {#{dQT) 1 {#r 1 =n, #idoT)<mi no (0)+n3/4 , U>0} ) 

< (mi/xo(0)n + n=^/^) Q^,, (#ri = n,U>0). 
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Then (8), (9) and Lemma 3.9 imply that for n sufficiently large, 

liminfnQ" ([/ > 0) > (10) 

Recall that p > 1 is such that > 0. Also recall the definition of the spatial tree 

(Tl^'ol, i/l^o]). Prom the proof of Corallary 3.2, we have 

F;.,.,o(l/>0,#r^ = n) > P^,,,o(fe0Cr) = l,/ci(T)=p,C/n>O,...,?7ip>O, 

#r[ii]'i = n - 1, [/[111 > o,r[i2i = . . . = r\^v\ = {0}) 

> /xo(l)C2(/x,i.,p)Q^,4[/>0,#ri = n-l), (11) 

where we have set 

C2(/x, v,v) = /xo(l)/xi(p)/xo(0)*'-Vf ((0, +oo)^') . 

We then deduce the existence of 71 from (10), (11) and Lemma 3.9. A similar argument gives 
the existence of 71 . 

At last, we define m G N by the condition (m — l)p < K < m,p. For every ^ G N, we define 
1' G by 1^ = 11. . . 1, |1^| = I. Notice that z/f({(p,p- 1, . . . ,1)}) = N{p+l)-'^. By arguing on 
the event 

{/c0(7") = k\i{T') = . . . = ki2m.-2 = 1, ki{T) = . . . = ki2m-i{T) = p} , 
we see that for every n> m, 

Q^,u (#Ti = n,U>0)> C3(m, iy,P, m)P^,,,i^ {#r^ =n-m,U>0), (12) 

with 

C3iii,,.,p,m) = ^o(l)'"-Vi(p)"^o(0)"(^-i)iV(p+ 1)— . 
Thanks to Lemma 3.9, (12) yields for every n sufficiently large, 

which gives the existence of 72. □ 
3.3 Asymptotic properties of conditioned trees 

We first introduce a specific notation for rescaled contour and spatial contour processes. For 
every n > 1 and every t G [0, 1], we set 



C(")(i) = Vpq(^q-l) C{2{#T-l)t) 



4 nV2 
9(^q-l) y/^ F(2(#r-l)t) 
4pq J nV4 
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In this section, we will get some information about asymptotic properties of the pair (C^"\ 
under P^j^ -j. We will consider the conditioned measure 

Berfore stating the main result of this section, we will establish three lemmas. The first one is 
the analogue of Lemma 6.2 in [12] for two-type spatial trees and can be proved in a very similar 
way. 



Lemma 3.13 There exists a constant c > such that, for every measurable function F on U 
with 0<F<1, 

Q;,(F(T, U)) < cQl~. {f (fM,u(-r.)^) + O (n^/^e-""") , 

where the constant (5q is defined in Lemma 3.10 and the estimate O for the remain- 

der holds uniformly in F. 



Recall the notation v for the "father" of the vertex v £T \ {0}. 



Lemma 3.14 For every e > 0, 



sup >e] 0. (13) 



Likewise, for every e > and x > 0, 



- n,u,x \ sup —- >e \ — > 0. 14 

Proof : Let e > 0. First notice that the probability measure is supported on the set 
{—k, — A; + 1, . . . , k}^. Then we have ,^ a.s. or P^^j^^j, a.s., 

sup \Uv — Uv\ = sup \U.v — Uv\ < sup ky{T). 
veT\{$} veTo\{$} veT^ 

Now, from Lemma 16 in [16], there exists a constant ao > such that for ah n sufficiently large, 

f sup k^{T)>en'A 

P J sup k^(T) > en'/ A < 

Our assertions (13) and (14) easily follow using also Lemma 3.9 and Proposition 3.12. □ 

Recall the definition of the re-rooted tree (T^^o), C/^^")). Its contour and spatial contour 
functions {C^''q),vM) are defined on the line interval [0, 2(#r(''o) - 1^]. We extend these 
functions to the line interval [0,2{#T - 1)] by setting C'^^'o^t) = and V^'">\t) = for every 
t e [2{#fM - 1), 2(#r - 1)]. Also recall the definition of Vm- 

At last, recall that (e°,f°) denotes the conditioned Brownian snake. 
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Lemma 3.15 The law under Q'^^i, of 



v/pq(Zq-l) C(^"')(2(#r-1)0 \ // 9(Zq-l) y/^ F (2(#T - l)t) ' 

converges to the law of (e°,r°). T/ie convergence holds in the sense of weak convergence of 
probability measures on the space C([0, 1],M) 
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Proof : Prom Corollary 3.2 and the Skorokhod representation theorem, we can construct on 
a suitable probability space a sequence a sequence (7^, Un) and a Brownian snake (e,r''), such 
that each pair {Tn,Un) is distributed according to Q'^^^, and such that if we write {Cn,Vn) for 
the contour and spatial contour functions of (7^, Un) and C„ = #7^ — 1, we have 

uniformly on [0, 1], a.s. 

Then if (T, U) & Q, and G 7", we introduce a new spatial tree {T'^'"^) ^jjM^^ ]-,y getting for 
every w G f^'"°) 

Tt{vo) _ 7-/ TT 

where w is the vertex corresponding to w in the initial tree (in contrast with the definition of 
Uw'^\ Uv^°^ does not necesseraly coincide with U~^"^ when v is of type 1). We denote by the 
spatial contour function_of {fM,uM-^^ and we set = for i G [2{#f(''o) _ 1), 2(#r - 

1)]. Note that, ii w E T^'"°^ is either a vertex of type or a vertex of type 1 which does not 
belong to the ancestral line of vq, then 

fj{vo) _ ffivo) 

whereas if it; G T^^o^'^ belongs to the ancestral line of vq, then 

fHvo) ^ ffM 

Then we have 



sup 



< sup \Uw-Uw\- (16) 

tyer\{0} 



Write vl^ for the first vertex realizing the minimal spatial position in 7^. In the same way as 
in the derivation of (18) in the proof of Proposition 6.1 in [12], it follows from (15) that 



VPq(^q - 1) Cf-\2Ut)\ ( /9(Zq - l)^'^ ^^"-^(2^*) 



/ o<t<i \ \ '^4 / o<t<i ' 



(e^r"), 



uniformly on [0, 1], a.s., where the conditioned pair (cE°,i^) is constructed from the unconditioned 
one (cE,r°) as explained in section 2.3. Let £ > 0. We deduce from (16) that 



P' sup 

V*e[o,i] 



nV4 nV4 



>^ <q;:,J sup 1^^^^4^>£ 
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where we have written P' for the probabihty measure under which the sequence (7^, Un)n>i and 
the Brownian snake (e, r°) are defined. Prom (13) we get 



P' sup 

\t€[0,l] 

and the desired result follows. 



n 



1/4 



n 



1/4 



> e 



0, 



□ 



The following proposition can be proved using Lemma 3.13 and Lemma 3.15 in the same way 
as Proposition 6.1 in [12]. 

Proposition 3.16 For every b > and e G (0, 1/10), we can find a,6 & (0,£) such that for all 
n sufficiently large, 

f inf y(")(t) > 2a, sup (^^(t) + ^^(t)) < £ ) > 1 - 6. 

\te[5/2,l-S/2] te[0,45]U[l-45] ^ / 

Consequently, if K > 0, we have also for all n sufficiently large, for every x G [0, K], 
P;,,, ( i^nf y (") {t) > a, sup (C(") {t) + (O) < £ ) > 1 - isb, 
where the constant 73 only depends on fi, u, K. 



3.4 Proof of Theorem 3.3 

The proof below is similar to Section 7 in [12]. We provide details because the fact that we deal 
with two-type trees creates nontrivial additional difficulties. 

On a suitable probability space P) we can define a collection of processes (e, v^)z>q such 
that (e, r^) is a Brownian snake with initial point z for every z > 0. Recall from section 2.3 the 
definition of (e^,r^) and the construction of the conditioned Brownian snake (e*^,!^). 

Recall that C([0, 1],M)^ is equipped with the norm ||(/,5)|| = V \\g\\u- For every / e 
C([0, 1],R) and r > 0, we set 

Uf{T)= sup \f{s)-f{t)\. 

s,te[0,l\,\t-s\<r 

Let a; > be fixed throughout this section and let F be a bounded Lipschitz function. We 
have to prove that 

E;,,.(i^(c("),FH))^-^E(F(e°,rO)). 

We may and will assume that < F < 1 and that the Lipschitz constant of F is less than 1. 

The first lemma we have to prove gives a spatial Markov property for our spatial trees. We 
use the notation of section 5 in [12]. Let recall briefly this notation. We fix a > 0. If {T,U) 
is a mobile and v & T, we say that v is an exit vertex from (—00, a) if Uy > a and Uy' < a for 
every ancestor v' of v distinct from v. Notice that, since Uy = Uy for every t> G T^, an exit 
vertex is necessarily of type 0. We denote by vi, . . . , vm the exit vertices from (—00, a) listed in 
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lexicographical order. For v E T, recall that T^'"^ = {w eU : vw E T}. For every w G T^'"^ we 
set 

Tjt'"' =u = ttH + 77 

At last, we denote by T"" the subtree of T consisting of those vertices which arc not strict 
descendants of vi, . . . ,vm- Note in particular that vi^...,vm G T". We also write U"" for 
the restriction of U to T". The tree {T"',U"') corresponds to the tree {T,U) which has been 
truncated at the first exit time from (—00, a). The following lemma is an easy application of 
classical properties of Galton- Watson trees. We leave details of the proof to the reader. 

Lemma 3.17 Let x G [0, a) and p G {1, . . . , n}. Let ni, . . . , be positive integers such that 
ni + . . . + Up < n. Assume that 

K^^,x {m = p, #r[-^i'i = m, . . . , #r['^^i'i = n^) > o. 

Then, under the probability measure ^^^i^^^i' I = ^Tl^il'-^ = ni, . . . , ^T'"''!'^ = Up), and 
conditionally on (T",i7"), the spatial trees 

are independent and distributed respectively according to ^^^i^^Uv^ > • • • ) ^Jl,u,Uvp ■ 



The next lemma is analogous to Lemma 7.1 in [12] and can be proved in the same way using 
Theorem 3.1. 

Lemma 3.18 LetO<c! <c!'. Then 



sup 

c'ni/''<i/<c"ni/4 



where B = (9(Zq - l)/(4pq))V^. 



0, 

n— »oo 



We can now follow the lines of section 7 in [12]. Let 6 > 0. We will prove that for n sufficiently 
large, 



K^,x (F(c("),FH))-E(F(e°,rO)) 



< 176. 



We can choose e G (0, 6 A 1/10) in such a way that 

|E(F(e^r)) -E(F(e°,r°))| < 6, (17) 
for every z G (0, 2£). By taking e smaller if necessary, we may also assume that, 

E (^e sup e°(i)^ A 1^ < 6, E (a;^o(6e) A 1) < 6, 

E ^^3£ sup r°(t)^ A 1^ < 6, E {u)^{&e) A 1) < 6. (18) 
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For a,d > 0, we denote by r„ = r„(a, S) the event 



inf > a, sup fc(")(t) + < e 

t^[S,l-S] te[0,35]U[l-35,l] ^ ^ 



From Proposition 3.16, we may fix a, 5 € (0, e) such that, for all n sufficiently large, 

KuA^n)>l-b. (19) 

We also require that S satisfies the following bound 

46{mi + 1) < 3£. (20) 

Recall the notation C = #r - 1 and 5 = (9(Zq - l)/(4pq))V4. Qn the event r„, we have for 
every t e [2C<5,2C(l-<5)], 

V{t)>aB-^n^/\ (21) 

This incites us to apply Lemma 3.17 with a„ = an^^^, where a = aB~^ . Once again, we use 
the notation of [12]. We write iV"^^ for the exit vertices from (— oo,an^/^) of the spatial 

tree {T,U), listed in lexicographical order. Consider the spatial trees 

The contour functions of these spatial trees can be obtained in the following way. Set 

A;^* = inf jit > : V{k) > an^/^} , = inf {k > k'l : C{k + 1) < C(A;J^)} , 

and by induction on i, 

kf+i = inf {/c > : V{k) > an^/^} , If^^ = inf {k > /cj^i : C{k + 1) < C{k^)} . 

Then kf < If < oo if and only if i < Mn- Furthermore, (C(A;,^ + t)- C(A;,^), < i < Z," - A;^'') is 
the contour function of T^^?! and {y{k'f + 1),0 < t < If — kf) is the spatial contour function of 

(T'K I, f7 ' ). Using (21), we see that on the event r„, all integer points of [2(6, 2^(1 — S)] must 
be contained in a single interval [kf , /"] , so that for this particular interval we have 

If - kf > 2C(1 -S)-2C5-2> 2C(1 - 36), 

if n is sufficiently large, P^,^ a.s. Hence if 

E„ = {3i G {1, . . . ,M„} : If - kf > 2C(1 - SS)} , 

then, for all n sufficiently large, r„ C En so that 

¥;^,jEn)>l-b. (22) 

As in [12], on the event E^, we denote by z„ the unique integer i G {1,...,M„} such that 
If - kf > 2C(1 - 36). We also define (n = #T[''"nl - 1 and y„ = . Note that Cn = {If - kf) /2 
so that Cn > C(l ~ 35). Furthermore, we set 

We need to prove a lemma providing an estimate of the probability for pn to be close to n. Note 
that Pn <n = P^,^ ,r a.s. Recall that mi denotes the mean of fii. 
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Lemma 3.19 For every n sufficiently large, 

K,-^,x (rn n {pn > (1 - 45(mi + l))n}) > 1 - 26. 

Proof : In the same way as in the proof of the bound (2) we can verify that there exists a 
constant P3 > such that for ah n sufficiently large, 

(IC - (mi + l)n| > n'/\ = n) < e""'^ . 

So Lemma 3.9 and Proposition 3.12 imply that for all n sufficiently large, 

^;,.,.(lC-(™i + l)n|>n3/4)<6. (23) 

Now, on the event r„, we have 

n-pn = #[(r\ T^-V^ n Ti) < # (t \ r^-V^ = c - Cn < ssc, 

since we saw that r„ C En and that C„ > (1 — 35)C on £'„. If n is sufficiently large, we have 
S6{mi + l)n + 35n3/4 < 4(5(mi + 1) n so we obtain that 

(rn n {C < (mi + l)n + n3/4}) C (r„ n K > (l - 4(5(mi + l))n}) , 



for all n sufficiently large. The desired result then follows from (19) and (23). 
Let us now define on the event En, for every t € [0, 1], 

^(n)(^) ^ VP.jZ, -l)C {kl + 2Cnt) - C {kl) ^ 



□ 



1/2 
Pri 



9(Z,-1)V/^ V{kl + 2U) 



1/4 



Note that and are rescaled versions of the contour and the spatial contour func- 

tions of (rl^'Sxl,!/^'''""^). On the event E^, we take ^("^(t) = F(")(t) = for every t G [0,1]. 
Straightforward calculations show that on the event r„, for every t G [0, 1], 



cW(t)_C(n)(t) 



< e+\l 



< e+\l 



P. 



1/2' 



1/2 



n 



1/4^ 
ni/4 



sup C(")(s)+a;g(„)(6(5), 
5e[o,i] 

sup y(")(s) + a;^(„)(6,5). 
se[o,i] 



Set 



r„ = r„ n K > (i - 45(mi + i))n}. 

We then get that on the event r„, for every t G [0, 1], 

cH(t)_^(")(t) < £ + 4,5(mi + l) sup C(")(s)+a;^(„)(6,5), 

sG[0,l] 

y{n) j _ y (n) < e + 45(mi + 1) sup i/^'^) (s) + a;^(„) (65) . 

se[o,i] 



(24) 
(25) 
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Likewise, we set 



En=Enn {pn > (1 - 45(mi + l))n}. 



Lemma 3.17 implies that, under the probabiHty measure ^J^^i,^xi' I ^n) and conditionally on the 
(7-field Qn defined by 

the spatial tree (T'"*'™', i/^'''"^) is distributed according to F^^^,y„ (recall that Yn = U^n ). Note 
that En G Gm and that Yn and p„ are ^„-measurable. Thus we have 



(26) 



From Lemma 3.18, we get for every p sufficiently large, 



sup 

fpl/4<j^<^pl/4 



which implies using (17), since SaB/2 < 2aB = 2a < 2e, that for every p sufficiently large, 



sup 

|pl/4<j,<^pl/4 



K^,y (F(c(-),y(-)))-E(F(e°,r°)) 



< 2b. 



(27) 



Furthermore Lemma 3.14 implies that 

K'^,x {{\n-'/'Yn -a\>v}n En) ^ 0. 
So we get for every n sufficiently large, 

<2P;,,,, (F„n{|n-i/4y„-a| >a/4}) 



sup 

fpl/4<y<^pl/4 



<26 + E^,,,, 1^ sup 

' |pl/4<j/<^pl/4 



(C^^ , ) - E (F (e°, r°) ) I . (28) 



Thus we use (26), (27), (28) and the fact that Pn > ^ — 4(5(mi + l)n on E^, to obtain that for 
every n sufficiently large. 



E;,,, (l^^F (CW, yW)) - P;,.,.(F.)E (F (e°, r°)) 



< 45. 



(29) 
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Prom Lemma 3.19, we have P^^ .^(E'n) > 1 — 2b. Furthermore, < F < 1 so that (29) gives 



(F(cW,yW))-E(F(eO,rO)) 



< 86. 



(30) 



On the other hand, since r„ C En and F is a Lipschitz function whose Lipschitz constant is less 
than 1, we have using (24) and (25), for n sufficiently large, 



< 2e + E;,,, (^4S{mi + 1) sup ^ C^") {s)j A 1 + u^^^^ (65) A ij 
+ i;,,,, f Usimi + 1) sup ^ y W (s) j A 1 + a;^(„) (6,5) A 1 



(31) 



By the same arguments we used to derive (30), we can bound the right-hand side of (31), for n 
sufficiently large, by 

b+ 2e+ E ( ( 4<5(mi + 1) sup e°(s) ) A 1 + u^{66) A 1 ) 
VV ^e[o,i] / / 

+ E I I 4(5(mi + 1) sup r°(s) ) A 1 + uj^{66) All. 
Prom (18) together with (20), the latter quantity is bounded above by 7b. Since 

P;,.,. (f n) > 1 - 26, 

we get for all n sufficiently large, 

e;,.,. {\f (cW, yw) - F (cw, y (")) I) < 96, 

which implies together with (30) that for all n sufficiently large. 



E;.,. {f (c("),l^W))-E(F(e°,rO)) 
This completes the proof of Theorem 3.3 



< 176. 



3.5 Proof of Theorem 2.5 

In this section we derive Theorem 2.5 from Theorem 3.3. We first need to prove a lemma. Recall 
that if T G T, we set C = #'?' - 1 and wc denote by v{0) = -< v{l) -<...-< v{Q the list of 
vertices of T in lexicographical order. For n G {0, 1, . . . , C}) we set as in [16], 

Jr{n) = #{T^n{v{0),v{l),...,v{n)}). 

We extend Jr to the real interval [0, C] by setting Jr(i) = «^r(L*J) for every t G [0,(], and we 
set for every t G [0, 1] 
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We also define for A; e {0, 1, . . . , 2C}, 



Kr{k) = 1 + #U ,k} : C{1) = max C and C{1) is even \ . 

y [i—i,t\ ) 

Note that Kr{k) is the number of vertices of type in the search-depth sequence up to time k. 
As previously, we extend Kq- to the real interval [0,2^] by setting Kq-it) = Kq-dtl) for every 
t G [0, 2^] , and we set for every t G [0, 1] 

- Kr{2Ct) 

Lemma 3.20 The law underFj^^^^^ of (Jr(t), < i < l) converges as n oo to the Dirac mass 
at the identity mapping of [0, 1] . In other words, for every rj > 0, 

I sup \Jr{t) -t\>r]] -^0. (32) 

\t€[0,l] ) 

Consequently, the law under of {Kr{t)-i^ ^t <1) converges as n ^ oo to the Dirac mass 

at the identity mapping of [0, 1] . In other words, for every rj > 0, 

( sup \KT{t) -t\>v] -^0. (33) 

Ve[o,i] J 

Proof : For T e T, we let v°{0) = ^ v^{l) -<...-< v°(#T° - 1) be the list of vertices of T 
of type in lexicographical order. We define as in [16] 

Grik) = #{ueT i;°(A;)} , < A; < - 1, 

and we set Gr(#^°) = C- Note that v^{k) does not belong to the set {u e T : u ^ v'^{k)}. 
Recall that mo denotes the mean of the offspring distribution jiq. From the second assertion of 
Lemma 18 in [16] there exists a constant e > such that for n sufficiently large, 



( 



I sup \Gr{k) - (1 + mo)k\ > rt'l^ 1 < e""'. 
\o<ik<#ro ) 

Then Lemma 3.9 and Proposition 3.12 imply that there exists a constant e' > such that for n 
sufficiently large. 



P" 1 ( sup \Grik) - (1 + m^)k\ > n^l^ ) < e""' 
' \o<ifc<#ro / 

From our definitions, we have for every < A; < #T° - 1 and < ra < C, 

{Gr{k) > n} = { Jr(n) < k} . 

It then follows from (34) that, for every 77 > 

( + '"o)^) A C) - A:| > r? ) -^0. 

V o<fe<#ro ' 



(34) 
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Also from the bound (2) of Lemma 3.10 we get for every ij > 0, 



>r]) — > 0. 

n— »oo 



mo 

The first assertion of Lemma 3.20 follows from the last two convergences. 

Let us set jn = 2n — \v{n)\ for n G {0, ...,C}- It is well known and easy to check by 
induction that jn is the first time at which v{n) appears in the search-depth sequence. It is also 
convenient to set = 2^. Then we have Kq-{k) = J'T{n) for every k € {jn, . . . , jn+i — 1} and 
every n € {0, ...,("}. Let us define a random function (p : [0, 2Q — > by setting ip{t) = n if 
t G [jn,jn+i) and < ?i < C, and ^p{2Q) = C- From our definitions, we have for every t G [0, 2(^], 

Kr{t) = Jri'fiit)). (35) 

Furthermore, we easily check from the equality jn = 2n — \v{n)\ that 



sup 

t€[0,2C] 



<maxC. (36) 

[0,2C] 



We set (^^(i) = C"V(2C*) for t G [0, 1]. So (36) gives 



sup \(fir(t) — t\ < - maxC, 
te[o,i] C [0,2C] 



which implies that for every rj > 0, 

sup \^^{t)-t\>v] 0. (37) 

On the other hand we get from (35) that Krit) = Jr(vc(*)) fo^ every t G [0, 1] and thus 

sup \Kr{t) -Jr{t)\ <2 sup \Jr{t)-t\+ sup |</?^(t)-t|. 

te[o,i] te[o,i] t6[o,i] 

The desired result then follows from (32) and (37). □ 

We are now able to complete the proof of Theorem 2.5. The proof of (i) is similar to the 
proof of the first part of Theorem 8.2 in [12], and is therefore omitted. 

Let us turn to (ii). By Corollary 2.3 and properties of the Bouttier-di Prancesco-Guitter 
bijection, the law of A^^^ under ]Bq(- | jj^J^M = n) is the law under P^^j^^i of the probability 
measure X„ defined by 



It is more convenient for our purposes to replace X„ by a new probability measure defined by 
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Let 5 be a bounded continuous function. Clearly, we have for every rj > 0, 

{\{In,g) - {K,9)\ > r?) ^ 0. (38) 

f^' ' ^' ' ' n— >oo 

Furthermore, we have from our definitions 

iK, 9) = ^9 (n-^/^) + 9 (n-'/'V{2Ct)) dKr{t), (39) 

where the first term in the right-hand side corresponds to u = in the definition of X^. Then from 
Theorem 3.3, (33) and the Skorokhod representation theorem, we can construct on a suitable 
probability space, a sequence (7^, f7„)„>i and a conditioned Brownian snake (e*^, r*^), such that 
each pair (7^,C/„) is distributed according to and such that if we write (C„,V^) for the 

contour functions of (7^, Un), Cn = #%i — 1 and Kn = Kr„, we have, 

uniformly in t G [0, 1], a.s. Now g is Lipschitz, which implies that a.s., 




Furthermore, the sequence of measures dK^ converges weakly to the uniform measure dt on 
[0, 1] a.s., so that a.s. 

((i(^) ^('>) .-^ i' ^ {{^^r *• 

Then (40) and (41) imply that a.s.. 




which together with (38) and (39) yields the desired result. 

Finally, the proof of (iii) from (ii) is similar to the proof of the third part of Theorem 8.2 in 
[12]. This completes the proof of Theorem 2.5. 

4 Separating vertices in a 2K-angulation 

In this section, we use the estimates of Proposition 3.12 to derive a result concerning separating 
vertices in rooted 2K-angulations. Recall that in a 2K-angulation, all faces have a degree equal 
to 2k. 

Let M be a planar map and let ctq € Vm- Let cj be a vertex of M different from (Jq. We 

denote by S'^''^ the set of all vertices a of M such that any path from a to a goes through aQ. 
The vertex ctq is called a separating vertices of M if there exists a vertex a of M different from 
(Jo such that 5^''^ / {"^o}- We denote by Vm the set of all separating vertices of M. 

Recall that U" stands for the uniform probability measure on the set of all rooted 2k- 
angulations with n faces. Our goal is to prove the following theorem. 
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Theorem 4.1 For every e > 0, 

lim (3ao G Pm : 3a G Vm \ {^o}, n^^-- < < 2nV2--) = i. 

n-+oo \ / 

Theorem 4.1 is a consequence of the following theorem. Recall that U" denotes the uniform 
probability measure on the set of all rooted pointed 2K-angulations with n faces. If M is a 
rooted pointed bipartite planar map, we denote by r its distinguished point. 

Theorem 4.2 For every e > 0, 

lim (3 ao G Pm : ^0 7^ r, n^^-- < #5^o,r < ^n^l^-') = 1. 

n^oo V / 

Theorem 4.1 can be deduced from Theorem 4.2 but not as directly as one could think. Indeed 
the canonical surjection from the set of rooted pointed 2/c-angulations with n faces onto the set 
of rooted 2K-angulations with n faces does not map the uniform measure to the uniform 
measure U„ . Nevertheless a simple argument allows us to circumvent this difficulty. 

Let M.r,p be the set of all triples (M, e, r) where (M, e ) G Mr and r is a distinguished vertex 
of the map M. Wc denote by s the canonical surjection from the set Mr,p onto the set A^r,p 
which is obtained by "forgetting" the orientation of e. We observe that for every (M, e, r) G M.r,p 

#(s-i((M,e,r))) =2. 

Denote by the uniform measure on the set of all triples (M, e, r) G M.r,p such that M is a 
2K-angulation with n faces. Then the image measure of the measure U" under the mapping s 
is the measure U". Thus we obtain from Theorem 4.2 that 

lim U^" (3 ao G Pm : 3 a G Vm \ {^o}, n^^^-' < < 2n'/^-') = 1. (42) 

On the other hand let p be the canonical projection from the set Mr,p onto the set Mr- If M 
is a 2/«-angulation with n faces, we have thanks to Euler formula 

#Vm = (/^ - l)n + 2. 

Thus the image measure of the measure U" under the mapping p is the measure U^. This 
remark together with (42) implies Theorem 4.1. 

The remainder of this section is devoted to the proof of Theorem 4.2. We first need to state 
a lemma. Recall the definition of the spatial tree (T'^'I, C/I^'l) for (T, U) E Q and v eT. 

Lemma 4.3 Let {T ,U) G T5^°^ and let M = ^r,piiT,U)). Suppose that we can find v e T° 
such that TM''^ 7^ {0} and lA'"^ > 0. Then there exists ao G Vm such that ctq 7^ r and 
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Proof: Let {T,U) e xf"*^. Write wo,wi, . . . ,W(; for the search-depth sequence of (see 
Section 2.4). Recall from Section 2.4 the definition of {U^^,v € T) and the construction of 
the planar map ^'^^^((T, U)). For every i G {0, 1, ... , C}, we set Sj = 9 if C/+^ = 1, whereas if 
> 2, we denote by Si the first vertex in the sequence u'j+i, . . . , tt^o, wi,. . . , Wi-i whose 
label is — 1. 

Suppose that there exists veT^ such that r[''l'° ^ {0} and C/l^'l > 0. We set 

A; = min{i £ {0,1, . . . ,Q '■ Wi = v}, 
I = max{i £ {0, 1, . . . , Q : Wi = v} . 

The vertices Wk,Wk+i, ■ ■ ■ ,wi arc exactly the descendants of v in r°. The condition C/I'^l > 
ensures that for every i G {fc + 1, . . . , i — 1}, we have 

[/+>;/+=[/+. 

This implies that Sj is a descendant of v for every i e {k + 1, . . . ,1 — 1}. Furthermore Sk = si 

and Si is not a strict descendant of w if i G {0, 1, . . . , C} \ {k, k + 1 . . . ,1}. From the construction 
of edges in the map ^r,p{(X, U)) we sec that any path from 9 to a vertex that is a descendant 
of V must go through v. It follows that f is a separating vertex of the map M = \l'r,p(('^) U)) 
and that the set T'^'l'^ is in one-to-one correspondence with the set . □ 

Thanks to Corollary 2.4 and Lemma 4.3, it suffices to prove the following proposition in order 
to get Theorem 4.2. Recall the definition of /x*^ = {ij.q,^i). 

Proposition 4.4 For every £ > 0, 

lim P^. ^1 f3i;o G : 71^2-^ < ^T^vo],o < 2n^/2-^ C/l^ol > = L 

n—^oo ' ' V / 

Proof : For n> 1 and £ > 0, we denote by A„_£ the event 

Let £ > and a > 0. We will prove that for all n sufficiently large, 

K-,.,i{Ke)>'i--^a- (43) 
We first state a lemma. For 7" G T and A; > 0, we set 

Z^{k) = #{veT: \v\ = 2k}. 

Lemma 4.5 There exist constants /3 > 0, 7 > and M > such that for all n sufficiently 
large, 

Pj^n I inf Z^{k) > (i^/n, sup Z^{k) < M^/^] > 1 - a. 

\jVn<k<2'y^ fe>0 J 
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We postpone the proof of Lemma 4.5 and complete that of Proposition 4.4. To this end, we 
introduce some notation. For n > 1, we define an integer Kn by the condition 

[tV^I + K„\n'/^] < 12^V^\ < \jV^] + (K„ + l)rnV4], 

and we set for j G {0, . . . , K^}, 

If T e T, we write H{T) for the height of T, that is the maximal generation of an individual in 
r . For A; > 0, and AT, P > 1 we set 

Z°{k,N,P) = #^^^v eT ■.\v\=2k,N < #rM'° < 2iV,W(rM) < 2P} . 

We denote by r„, Cn,e and En,£ the events 

Q<j<K„ 

0<j<K„ 

En,e = n {n'/'<Z^{kf,n'/'-',ny')<MV^}. 

0<j<K„ 

The first step is to prove that for all n sufficiently large, 

P;^« 2a. (44) 

Since r„ D Cn,£ C En^^, it suffices to prove that for all n sufficiently large, 

p;^. (r„ n Cn,e) > 1 - 2a. (45) 

We first observe that 

P,.(r„ n C;;,,) < ^P,. [PV^ < Z° [kf) < MVTi, (kf\n'l^-\n'l') < nV4) . (46) 

j=0 

Let j e {0,... , Kn}. We have 

P^. [PV^ < (kf) < MV^, Z' ,nV2-,^V4) < ^i/4^ 

Now, under the probability measure P/i'^(- | Z^{kj^^) = q), the g subtrees of T above level 2/^^"^ 
are independent and distributed according to P^k. Consider on a probability space (i7',P') a 
sequence of Bernoulli variables {Bi,i > 1) with parameter p„ defined by 



= P^« (nV2- < #r° < 2nV2--,7^(r) < 2n'/^) . 
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Then (47) gives 



< ^ e exp I 



i=l / 

-1/4' 



q=\!3^/n^ 

(48) 



qpnu 



where the last bound foUows from a simple exponential inequality. However, from Lemma 14 in 
[16], there exists > such that for all n sufficiently large, 

> P^. (nV2- < < 2n^/2--) - e-^\ (49) 

Under the probability measure Pj^k, wc have = (k— l)#T^ + 1 a.s., so we get from Lemma 
3.9 that there exists a constant such that, 

nV4--/2 p I' nV2-e < ^^0 < 2nV2--) ^ c«. (50) 

V / n-+oo 

It then follows from (49) that 

n— »oo 

Prom (48), we obtain that there exists a constant c' > such that 
which together with (46) implies that 

p^« (r„ n < M^^„V^e-"^ 

Since if^ ~ 7n^/^ as n — oo, we get from Lemma 3.9 that, for all n sufficiently large, 



K-i^'."OU<^^^^^<^- (51) 



On the other hand, Lemma 4.5 implies that 

P;'«(rn) >l-a. 

The bound (45) now follows. 
Set 
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For ipo, . . . ,pkJ e In, we set 



0<j<K„ 



On the event En.eiPQ-, ■ ■ ■ iPKn) for every j € {1, . . . , Kn}, let -< ... -< Vp^ be the Ust in 

lexicographical order of those vertices « € T at generation 2A;j"^ such that n}/'^~'^ < ^T^'"^'^ < 

2ii}/'^-^ and W(TM) < 2n^/*. Note that for every j,j' G {1, . . . such that j < f , we have 

for every ie {1,... ,pj}, 



n) 



Then, it is not difficult to check that under Pyiif^,i/,i(- | En^^{po, . . . ,pKn)), the spatial trees 
{(Tl^il, i/Kl), z = 1, . . . j = 1, . . . ,Kn} are independent and distributed according to the 
probability measure P^«,z.,o(- | "^2-^ < < nV2-£,7^(r) < 2nV4). Set 

TTn = Pm,.,o (t^ > I < ^^0 < 2ni/2-^,7^(T) < 271^/^) . 

Since the events En,e{V0i ■ ■ ■ ,Pk„), (po, ■ ■ ■ ,PKn) ^ are disjoints we have, 

X Pm«,^,i ({f^^'''' <0:0<j <Kn;l<i<Pj}\ En,e{po, ■ ■ ■ ,PkJ) 
(pov,px„)e/„ 

< (52) 

Now, from Lemma 14 in [16] and (50) there exists c" > such that for all n sufficiently large, 
TTn > F,,.,o {U>0\ nV2- < #T° < 2nV2-) - c^n^^e-", 

where rj was introduced before (49). Since under the probability measure P^-^, we have = 
1 + (k — 1)#T^ a.s., we get from Proposition 3.12 that there exists a constant c > such that 
for all n sufficiently large, 

c 

7r„ > 



So, there exists a constant d > such that (52) becomes for all n sufficiently large, 

P^«,.,i(£^n,.nAy <e-^'"^ (53) 
Finally (53) together with Lemma 3.9 implies that if n is sufficiently large, 

p;.,,,i (£;„,, n Ay < a. 
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Using also (44), we obtain our claim (43). □ 

Proof of Lemma 4.5 : Under P^>^, = {Z^{k),k > 0) is a critical Galton- Watson process 
with offspring law /ig^ supported on {k — 1)^+ and defined by 

mS,J(k-1)/c) = /x5(A;), k>0. 

Note that the total progeny of is and recall that under the probability measure P^k, 
we have = ! + («- 1)#T^ a.s. 

Define a function L = {L{t),t > 0) by interpolating linearly Z° between successive integers. 
For n> 1 and t > 0, we set 

ln{t) = -^L(tv^). 



Denote by l(i) the total local time of e at level t that is, 

1 

l{t) = hm - / l{t<e(s)<t+£} ds, 
£ Jo 

where the convergence holds a.s. From Theorem 1.1 in [6], the law of {lnit),t > 0) under P^ 
converges to the law of {l{t),t > 0). So we have 

liminf P" ( inf ln{t) > (3, sup Z„(t) < M ) > P ( inf l{t) > P, sup l(t) < M ) . 

n-^oo \l<t<2'y t>o / ^^^^^^7 t>0 J 

However we can find /? > 0, 7 > and M > such that 



P ( inf l{t) > (3, sup m <m]>1-^, 



and the desired result follows. □ 
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